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1. Introduction
In tissue engineering, 2D substrates or 3D scaffolds
are needed to guide tissue formation in volume.
Understanding the cellular processes involved is also
necessary to develop optimized biomaterials and scaf-
folds capable of guiding cell colonization and effectively
promoting their integration into host tissues. However,
neo-tissue formation results from the complex coordi-
nation of various cellular processes such as migration,
proliferation, differentiation and extracellular matrix
deposition influenced by gradient-driven stimuli like
haptotaxis and chemotaxis. Moreover, tissue growth
also depends on the geometry and material properties
of the substrates which both influence cell behavior by
determining the spatial distribution of forces that cells
perceive and exert on the substrates (Sengers, 2006).
Our goal 1s to develop a computational model to
simulate tissue growth in both 2D and 3D geometries,
incorporating collective cellular and mechanistic phe-
nomena. The first step involves a classical reaction-
diffusion algorithm adapted from Ho (2009), with an
introduction to the phase field model.

2. Methods

2.1 Mathematical model principle

The mathematical model is based on four distinct phases:
primitive stem cells (MSC), active differentiated cells
(DIFF), nutrients/growth factors (N), and the extracellu-
lar matrix (ECM). These components evolve according

to a system of interrelated reaction-diffusion equations
that describe their volume fractions or normalized
concentrations over tme. (.0 Paip Peocry C)-

Stem cells can proliferate, migrate, and differentiate
into specialized cells capable of producing extracellular
matrix. All these processes depend on the availability
of nutrients, which are consumed by the cells as they
grow and function.

We present the equation governing species dynamics
with diffusion flux J = =V.(DV¢) reaction-growth term
R¢, chemotaxis y¢pVC,,differentiation rate Ty and
consume rate by cells G, for nutrients.
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The diffusion (D) and growth (R) are also defined in
relation to the scaffold’s geometry and space occupation
by cells. For stem cells, the diffusion depends on the
proximity to the scaffold and on locked voxels—i.e.,
voxels where the cell density has reached a threshold

(Bmse > 0.9).
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Where df 1,14 and djpepeq are normalized distance
to scaffold and locked voxel.

The reaction term follows a Monod-type model which
captures the saturation of cellular growth in response
to nutrient availability and space limitation.
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Table 1. Diffusion coefficients and growth parameters
for stem cells dynamics.

Parameter Value Description

D pnsc base 2.5 Base diffusion coefficient

D . 10 Adhesion near scaffold/
msc,adhesion locked voxel

Ao Mo 1.0,05 ;Secr‘]ag;%ld/locked voxel decay

lgi g 2.0,0.001 Cell growth and death rate

Keq 1.0 Equilibrium constant

k. 0.1 Half-saturation constant

p 1.0 Maximum cell density

2.2 Numerical implementation

The numerical model is implemented in Python
(v3.12.3) using vectorized NumPy operations. The
3D computational domain is a voxelized scaffold
with geometry adaptable to target specific porosity,
surface area, and dimensions (typical size: 100% vox-
els, Ax = 1.0). Coupled reaction-diffusion equations
are solved using second-order finite differences for
spatial discretization and explicit Euler integration
(At = 0.01)with stability monitoring via CFL condi-
tions. Dirichlet conditions impose constant species
inflow on selected faces, while Neumann conditions
prevent diffusion through solid boundaries. Species
invasion is restricted to the porous domain. Typical
simulation time is 15-30 minutes on Intel Core Ultra
7-155H processor (16GB RAM).

3. Results and discussion

We reproduced the in vitro experiment by Ben Antebi et
al. (2015) using a voxelized scaffold of 4 X 4 X 1.5 mm
at 30 voxels per mm, replicating the internal structure
of a collagen—hydroxyapatite biomimetic scaffold (Ben
Antebi, 2013). The scaffold has 88.25% porosity and an
average pore size of 215 pm for radius. The simulation
was run for 28-time units, each representing a day.
MSCs were initially seeded on the top surface, while
nutrients were uniformly set at the maximum value of
1 to support growth.
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Figure 1. a) 2D cross-section in the xy-plane showing
phase progression within the porous structure. b)
Temporal evolution of the four species over a 28-days
period, including normalized MSC results from Antebi
et al's experimental study.

Although the data generated by our model do not
perfectly align with the experimental results reported
by Ben Atebi et al. (Fig 1), they remain representative of
the overall dynamics of mesenchymal stem cells (MSCs)
observed under in vivo conditions. The model captures
arapid increase in the volume fraction of MSCs, rising
from 0.1 to 0.88 between day | and day 12. By day 12,
stem cells have colonized the entire scaffold, marking
the end of the expansion phase. This is followed by a
brief stagnation period until day 14, then a progressive
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decline until day 28, at which point the volume fraction
reaches 0.58. Overall, the model captures key biological
processes driving cellular behavior: initially, nutrient
availability and chemotactic gradients promote cell
proliferation and migration. Over time, differentiation,
resource competition, and cell death contribute to the
slowdown and decline of the MSC phase. Additionally,
we can observe that species movement is guided by the
scaffold’s wall, with diffusion favored along intercon-
nected porous pathways.

For the ECM, the model predicts over 20% pore
filling, which overestimates experimental observations.
Ben Antebi et al. (2015) reported less than 1% porosity
loss, indicating limited ECM deposition. This may be
due to the sub-porosity of the scaffold and its degra-
dability: differentiated cells mainly synthesize ECM in
the sub-porosity of the scaffold walls while degrading
it. ECM replaces the entire scaffold itself, rather than
accumulating in the porous zone. This mechanism is
absent in our model and should be integrated in future
versions for greater accuracy.

4. Conclusions

This work offers a solid framework for simulating cel-
lular activity in tissue engineering, both in vitro and in
vivo. Despite simplified species behaviors, the results
align well with existing data. However, the model lacks
direct tissue—scaffold interactions, key to processes like
protrusion, retraction, and adhesion. It will thus serve as
a basis for a phase-field model enabling more detailed
simulation of invasion dynamics.
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